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CLOSED IDEALS IN £(X) AND £(X*) WHEN X CONTAINS 
CERTAIN COPIES OF 4 AND cq 

BEN WALLIS 


Abstract. Suppose X is a real or complexified Banach space containing a com¬ 
plemented copy of £p, p G (lj2), and a copy (not necessarily complemented) of 
either £q, q G (p, 00), or cq. Then C{X) and C{X*) each admit continuum many 
closed ideals. If in addition q > p', ^ + y = 1, then the closed ideals of £{X) and 
C{X*) each fail to be linearly ordered. We obtain additional results in the special 
cases of C{£i © £q) and C{£p © cq), I<p<2<q<oo. 


1. Introduction 

The past decade has seen some dramatic new results on the closed ideal structure 
of the algebra of operators C{£p (B iq), I < p < q < 00 . Some important new ideals 
in that algebra were described in [SSTT07] and [Scl2] when l<p<2<g<cx), 
and then in [SZ14] the authors showed that it contains inhnitely many closed ideals 
for all choices l<p<g<oo. In this paper, we hnd that only small changes to the 
proofs are necessary to adapt one of the main results in [SZ14], yielding inhnitely 
many—indeed, continuum many—new closed ideals in C{ip © Cq), for 1 < p < 2, 
and in C{ii © iq) for 2 < g < cx). We then adapt results from [SSTT07] to hnd 
additional information on the closed ideal structure of these operator algebras. 

In the process of doing all this, we noticed that the proof methods remain valid for 
much more general cases, yielding the two main Theorems 1.1 and 1.2 below. Before 
stating these, let us recall some dehnitions and notation. If X is a real Banach space 
then Xc denotes its complexihcation. Recall that an operator T G £(X, X), X and 
Y Banach spaces, is said to be finitely strictly singular (XSS) just in case for 
every e > 0 there exists n G Z+ such that for every n-dimensional subspace E C X 
we have inf 3 .g£;||Ta;|| < e||a;||. (In the literature, hnitely strictly singular operators 
are sometimes called superstrictly singular opeiaXois.) Milman proved in [Mi69] that 
class XSS forms a norm-closed operator ideal. Let us also dehne, for an operator 
T G E(X, Y) and each n G 

an{T) = sup inf | \\Tx + E\\y/e '■ x & X, ||x|| = l} , 

where the “sup” is taken over all closed subspaces E of X such that dim(X/E) = n. 
The operator T is then said to be superstrictly cosingular (iSiSCiS) just in case 
lim„^oo cin(T) = 0. It can be shown (cf., e.g., [P104, Theorem 4]) that SSCS is in full 
duality with XSS, and hence forms a norm-closed operator ideal. More precisely, 
an operator T is class SSCS (resp. XSS) if and only if T* is class XSS (resp. 
SSCS). 

Our hrst main result, then, is as follows. 

Theorem 1.1. Let p G (1,2) and q G {p,oo). Suppose X is a real Banach space 
containing a complemented copy of ip, and a copy of either iq or cq (which need not 
he complemented). Then C{X) and E(Xc) each admit a chain, with cardinality of 
the continuum, of closed ideals contained in iFSS{X) and iFSS{Xc), respectively. 
Furthermore, £(X*) and E(Xp) each admit a chain, with cardinality of the contin¬ 
uum, of closed ideals contained in SSCS(X*) and SSCS{Xq), respectively. 
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Among the spaces satisfying the conditions of Theorem 1.1 are Rosenthal’s Xp 
spaces for p G (1,2) U (2,cx)), dehned in [Ro70]. Indeed, let us consider the gen¬ 
eralization of those spaces dehned in [Woo75], denoted Xp^r ioi 1 < r < p < oo. 
Note that whenever p G ( 2 ,cxd), we have Xp = Xp^ 2 , and whenever p G (1,2) we 
have Xp = X*, 2 - In [Woo75, Corollary 3.2] it was proved that Xp^r always con¬ 
tains complemented copies of ^p (or cq, if p = cxd) and They are rehexive for all 
1 < r < p < cxD, and hence satisfy the conditions of Theorem 1.1 in those cases. 
The nonrehexive space Xoo,r also satishes the conditions as long as r G (1, 2). So do 
certain Orlicz sequence spaces, for instance the ones described in [Li73, Corollary 
4.9], which contain complemented subspaces of Ip for all p G [a, 6], where a G [1,2) 
and b G (a, cx)). However, to be sure, not all Orlicz sequence spaces satisfy the con¬ 
ditions, since there exist such spaces, for instance the ones constructed in [LT72], 
with no complemented copies of cq or ip for any p G [1, cxd). Most notably, the spaces 
ip © Co and ii © iq satisfy the conditions of Theorem 1.1 for all 1 < p < 2 < g < cxd, 
and we shall discuss them at greater length in section 5. 

We obtain the following additional result on the structure of closed ideals under 
certain similar conditions. 

Theorem 1.2. Let l<p<2<p'<q< oo. Suppose X is a (real or complex) 
Banach space containing a complemented copy of ip, and also containing a copy 
of either iq or cq (not necessarily complemented). Then each of C{X) and C{X*) 
contains two incomparable closed ideals. 

Note that, by two ideals being incomparable, we mean that neither ideal is a subset 
of the other. This means in particular that the closed ideals of C{X) and C{X*) in 
the above Theorem are not linearly ordered. 

Let us set forth some notation which shall be used throughout. For the most part, 
our notation will be standard, such as appears in [LT77, AA02, AK06]. However, 
we shall recall presently some of the most common conventions. If 1 < p < cxd then 
let p' G [1, cxd] denote its conjugate, i.e. ^ ^ = 1. For any set S, denote by lAj 

its cardinality. For normed spaces X and Y , we write C{X, Y) for the space of all 
continuous linear operators from X into Y. Indeed, by an operator we shall always 
mean a continuous linear operator between normed linear spaces. We let /C denote 
the class of all compact operators. If A is a subset of a Banach space X then we 
denote by A its closure and [A] its closed linear span. Let us also borrow a piece 
of terminology from [Scl2]: If X and Y are Banach spaces, then a linear subspace 
ff of C{X,Y) is called a subideal just in case whenever A G C.{X), B G TiY), 
and T G J7, we have BTA G J. (A subideal of C{X) is called, simply, an ideal.) 
Whenever A is a set of continuous linear operators, we let 

^^(X, R) = {T G C{X, Y) : there exists A G A such that T factors through A}. 

In case A is just a singleton {R}, we write Qr = G{r}. For a class J of continuous 
linear operators between Banach spaces, we write [j7] for the class whose components 
are just the closed linear spans of the components of J . In other words, [J]{X, Y) = 
\J(X,Y)]. 

If X and Y are Banach spaces with respective bases {xn) and (p^) such that {xn) 
dominates {yn), i-e. for all (a^) G cqo, then there exists a 

natural map Ix,y G R(^, Y) which we shall call the formal identity operator, 
i.e. the operator satisfying Ix,Y^n = Un for all n G N. Let Ip^q denote the formal 
identity from ip to iq, I < p < q < oo, and let Ip^ denote the formal identity from 
ip to Co (all with respect to the canonical bases). We also write Ip^oo and /o,oo for the 
operators taking the respective canonical bases of ip and Cq into i^o in the obvious 
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way. Milman observed in [Mi70] that Ip^g G J^SS{ip, ig) and Ip^ G J^SS{ip,Co) for 
all 1 < p < g < cxD. 

If 1 < p < cxD, let us write 





and 


Zoo ■ — 



The spaces Zp, 1 < p < oo, each have a natural basis which is formed by stringing 
together the standard bases of Let us call this natural basis the canonical basis 
for Zp. Pelczyhski proved (cf., e.g., [LT77, p73]) that for any 1 < p < cxd there exists 
an isomorphism 

Dp : ip ^ Zp = I ^2 j • 

\n=i / ej, 


(Note that although this means Zp = ip, the canonical bases of these spaces are 
quite different.) Ifl<p<g<cxD, we then denote by 


'2,p,g 


Zp — 




= Z„ 


and 


'2,p,0 


Zp — 




= Zo 


the formal identity operators between corresponding canonical basis vectors. 

Unfortunately, no such Pelczyhski decomposition exists for ii or cq. However, we 
can nevertheless construct a continuous linear embedding as follows. Recall that 
for every n G Z+ there exists kn G Z+ and a 2-embedding 9n ■ i^ ^ i^ (cL, e.g., 
[AK06, Example 11.1.2]). Then we write 


OD / OO \ / OO \ 

« = 0«;) ^ 0<J;‘ =c„. 

n=l \n=l / CO \n=l / cq 

Let US £x Up (1 < p < cx)), (/Cn)^!, (^n)^i, aud 6 = once and for all. 

Then we can define a (p, q)-Pelczyski decomposition operator as any operator 
of the form D~^l 2 ^p^qDp G C{ip,ig), 1 < p < q < oo, and a (p, 0)-left Pelczyhski 
decomposition operator as any operator of the form 6 l 2 ^ppDp G £(f'p,Co), 1 < 
p < oo. 

We organize the remainder of this paper as follows. Section 2 lays out some 
preliminaries on how closed subideals in real Banach spaces are related to closed 
subideals in their complexihed counterparts. This is necessary for section 3, where 
the main result of [SZ14] is adapted to prove the more general Theorem 1.1. In 
section 4, we modify a result from [SSTT07] to prove Theorem 1.2. Finally, in 
section 5, we prove some additional results for the special cases C{ip © Cq) and 
C{ii 0 ) iq), I < p < 2 < q < oo, which are also based on arguments in [SSTT07]. 
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2. Closed subideals in complexified Banach spaces 


The main result in [SZ14] was proved for real Banach spaces, and so our adaptation 
here will extend to complex Banach spaces via a complexihcation procedure. For 
this reason, let us recall some facts about the complexification Xc of a real Banach 
space X, dehned as the Banach space 

Xc :=X©*X, 


and endowed with vector space operations 

{xi + iyi) + {x 2 + m) = {xi + X 2 ) + i{yi + 1 / 2 ) 

and 


(a + i/3){x + iy) = {ax — /3y) + i{l3x + ay), 


as well as the norm 


^ + wWxc ■= sup |la;cos0 + i/sin0||x- 

06[O,27r] 


Notice that this means 

(1) ^ (lla^lU + IblU) < Ik + iy\\xc < Ikllx + \\y\\x 

so that Xj + iyj x + iy in Xc if and only if Xj —)■ x and yj y in X (cf., e.g., 
[AA02, pp5-6]). If T G C{X,Y) is a continuous linear operator between Banach 
spaces X and Y, we can consider its complexification Tc G C{Xc, Yq) dehned by 


In this case, ||Tc|| 


Tc{xi + ix2) = Txi + iTx2. 

||T|| (cf., e.g., [AA02, Lemma 1.7]), and we can write 


Tc 


T 0 
0 T ’ 


where we view elements of Xc and Ic as 1 x 2 matrices, in the obvious way. In fact, 
if T G T(Xc, Tc) then there exist operators R, S E C{X, Y) such that 


T = Rc + iSc 


R -S 
S R 


(cf., e.g., [AA02, Theorem 1.8]). 

We now give some basic results about complexihcation of ideals. If ^ C £(X, Y) 
for real Banach spaces X and Y then we write 


■— {Tc : R E A}. 


Proposition 2.1. Let X and Y be real Banaeh spaces, and suppose A is a subset 
ofC{X,Y). Then 


span{Ac) = 


R -S 
S R 


: R, S E span{A) 


and 


[Ac] = span{Ac) = 


R -S 
S R 


:R,S E [xl] 


Proof. Notice that for all a, /3 eM. and R E span(.4,) we have 


{a + i/3)Rc 


aR —j3R 
PR aR 
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Also, the set 


R -S 


: R, S E span(^) 1 


^ R 

is clearly closed under addition. This shows that 

\R -S 


J 


span(^c) ^ 


^ R 


: R,S E span(^) 


}■ 


Notice that if i? = — 'l2k=il^kSk for aj,l3k E M and Rj,Sk E A 

then 

■fi> _q1 ” 

S R =Z“^W)c + 'ZA(S<=)c, 

j=l k=l 

which shows that the reverse inequality also holds. 

Next, suppose TZj —)■ TZ for (TZj)'^^ C span(^c)- Write 


7^,= 


Ri -S. 
S, R, 


and TZ = 


R -S 
S R 


for Rj,Sj E span(^) and R, S E C{X,Y). Suppose towards a contradiction that 
R ^ [^]. Then we can hnd e > 0 such that \\Rj — i?|| > e for all j E lA . Hence, 
there exists E X such that \\{Rj — R)xj\\Y > e|la;j||x- However, due to 


m-R) -(s,-s)i 

1 _ 


1 - 

1 

g 

1 

1 

1_ 

1 - 

0 




we have 

WiTZj - n){Xj + iO)\\Yc > ^WiRj - R)Xj\\Y > ^\\Xj\\x = ^\\Xj+iO\\xc: 

contradicting the fact that TZj —)■ 7Z. Thus, R E [^], and an analogous argument 
shows that S G [^] as well. It follows that 


[^c] C 


R -S 
S R 


:R,S E [^] 


The reverse inequality is even more obvious, and we are done. 


Proposition 2.2. Let W, X, Y, and Z be real Banaeh spaees, and let T E C{W, Z). 
Then 

'\R -S^ 

S R 


[^rc](Wc,hc) — 


■.R,Se[Gt]{X,Y)\. 


Proof. Let T E Qtc{Ac,Yc), and write T = STRR for 


7^ = 


Then 


Ri ~R2 

i?2 Ri 

T = 


E C{Xc, Wc) and 5 = 


-^2 

^2 


e£{Zc,Yc). 


\SiTRi- S2TR2) -{S1TR2 + S2TR1) 
{S 1 TR 2 + S 2 TR 1 ) {SiTRi - S 2 TR 2 ) 


so that 


^Tc(Wc,hc) ^ 


R -S' 
S R 


: R,S Espaxi{GT{X,Y))\ . 


By Proposition 2.1 we now have 

Gt^{Xc,Yc) Ysp^n{{GT{X,Y)\ 
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and hence, applying Proposition 2.1 once more, 


[Gt^]{Xc^Yc) C [{Gt{X,Y))^] 


R 

S 


-S 

R 


:R,Se[gT]{X,Y)\. 


To see the reverse inequality, suppose R, S E span(^'r(X, T)), and write R = 
T.7=iC^jB,TAj and ^ = ELiPkDkTCk for E C{X,W) and Bj.Dt E 

LiZ^Y). Notice that 


R -S 
S R 


'^^aj{Bj)cTc{Aj)c +i'^^Gk{.Dk)cTc{Ck)c ^ span (^rc(Xc, Tc)). 

j=l k=l 


If follows that 


■.R,Se span (^?t(X, F)) j C span >c)) • 

Let us dehne A = span(^r(-^, T)). Thus, again applying Proposition 2.1 succes¬ 
sively we get 


{\R -S' 
R 


R -S 
S R 


■.R,Se[Gt\{X,Y)^ = 
= [^c] = [span(^c)] = 


f 

'R 

-S' 

1 

S 

R 

\i 

'R 

-S' 


S 

R 


R -S 
S R 


:R,Se [^] 

: R, S E span(^) 
:R,S E A 


\i 

'R 

-S' 

il 

S 

R 


:R,Se span {gT{X,Y)) 


C [span(^rc(^c,>c))] 

= [^Tc](-’^c, f^c)- 


The following is almost certainly known to specialists, but we will provide a short 
proof for completeness. 

Proposition 2.3. Let X and Y be real Banaeh spaces, and let R E C{X,Y). Then 
R E RSS{X, Y) if and only if Rc E RSS{Xc, Yc). 

Proof. Suppose R E RSS{X, Y). Let us begin by showing that 

( 2 ) R®OERSS{X®e^X,Y(Be,Y). 

Suppose (5 > 0. Then there is n G TA such that for every n-dimensional subspace 
£' of X there exists e E E such that ||i?e||y < (5||e||y. Let E be an n-dimensional 
subspace of X X, and let (e^ © be a basis for E. If (ej)f^i is a linearly 

dependent set then hnd E M”, not all zero, such that Y7j=i — 0 

hence 


n n 

||(/? © 0) ^ aj{ej © e'j)\\x9e,x = 0 < SW'^ajiej © e')||y©,^Y ^ 0. 
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Otherwise is linearly independent, in which case it spans an n-dimensional 

subspace [ej]j=i that there exist G M” satisfying 


ii(fi®o) 5 ^ aj{ej © e'j)\\x(Be^x 

j=i 


t=i 


i=i i=i 

This proves (2), and by a nearly identical argument it follows that also 0 ® i? is 
J^SS, and hence that 

(3) i? © i? = (i? © 0) + (0 © i?) G TSSiX ©£j X, Y Y)- 

Now let’s show that Rc G RSS{Xc,Yc). Select any e > 0, and let X G Z"*" be 
such that for any X-dimensional subspace X of X ©^^ X there exists e E E such 
that 

\\{R © R)e\\Y(Bt^Y < e||e||x®£^x- 

Let E be any X-dimensional subspace of X®, and let (fj + igj)f=i be a basis for 
E. By (1), {fj © gj)f=i must be linearly independent in and hence [fj © gj]f=i an 
X-dimensional subspace of X ©^^ X. So by (3) we can hnd nonzero {/3j)^^i G 
such that 


N 


N 


\\{R® R)'^/3j{fj ® gj)\\Y(Bi^Y < ® gj)\\x(Be,X- 

i=i i=i 


and hence, together with (1), 


N 


N 


iRc'^Pjifj +igj)\\Y(Bi^Y < \\{R® R)'^/3j{fj ® gj)\\Y(Be^Y 


t=l 


i=i 


N 


N 


< < 4j2Wj + ^9Mxc- 

i=i i=i 

For the converse, let us suppose instead that Rc G ESS{Xc, Yc). Let e > 0, and 
select n G TY such that for any n-dimensional subspace E of X® there exists e E E 
such that ||i?ce||yj, < |||e||xc- Let E be any n-dimensional subspace of X, and hnd 
a basis {ej)f^^ for E. Then {ej + spans an n-dimensional subspace of X®, 

which means we can hnd {aj)f^i E M” and {/3j)f^i E M” such that 

n n 

IEK- + i/3j)Rc{ej + f0)||yc < + iPj)iej + f0)||xc 


t=i 


i=i 


and hence, together with (1), 

n n n 

j=i j=i j=i 

n n 

= + ^l^3)RdY + *o)l|yc < + *o)IUc 


.7 = 1 


i=i 


e|E(ai© +*/5i©)IUc < + e\\'^l3jej\\x. 

j=i j=i j=i 
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It follows that either 

n oo 

ajCjlly < ^11 y ^ ^j^jWx 
i=i t=i 


This means R G RSS{X, Y). ■ 


or \\R'^f3jej\\Y < €\\'^f3jej\\x- 
i=i i=i 


3. Continuum many closed ideals in C{X) and C{X*) 


In this section we will adapt the proof of [SZ14, Theorem 6] to a more general 
case. This will require us to summarize and restate many of the preliminaries in 
that paper. 

Fix p G (1,2), and let p' G (2, cx)) denote its conjugate, i.e. 1 + ^ = 1. Also, 
let V = {vn)'^=i denote a sequence of values in (0,1]. For each n G in [SZ14, 
Section 2.4] was dehned a real hnite-dimensional Banach space = (R"^, |H|p',v„), 
according to the rule 


[(^j)j=l\\p',v„ 




V 


[aj>j=i\\q 


Let denote the canonical basis of E^^^, and denote by {ef the 


biorthogonal basis for its dual E^'^*^. We can also fix, once and for all, a sequence 
of independent, symmetric, 3-valued, random variables in Lp, satisfying 


/j=i 


Pp,v,n)^n 

= 1 and and then dehne the space 

When p and v understood from context, we will simply write and 

refer to (/j"'^)”=i as the canonical basis for Ep'^J^. 

In [SZ14, p5] it was observed that we can view spaces as subspaces of ip". 

This is because, since the vectors (/j”^)j=i are 3-valued, their span is a subspace of 
the span of characteristic functions on d"' pairwise disjoint sets in Lp, whose span 
is in turn isometrically isomorphic to i^". In particular, we can view as 

vectors in i^". It was also observed in [SZ14, p5, eq. (4)] that 


n 

(4) 

j=i 




Xn)* ^ 


n 

E 

i=i 


O'jfj 


Wi 


kf < 


n 

i=i 




Pn)* 


V (%)"=1 e 


where Kp G [1, cxd) is a constant depending only on p. (Note that we will refer to 
these same constants Kp, 1 < p < oo, throughout this section.) Then was given, 
in [SZ14, Proposition 1], that is a normalized, 1-unconditional basis for 

Ep^v„i that there exist projections Pp^v„ G C{i^) onto Fp^i, n G Z+, and that these 
projections are uniformly bounded by Kp. 

We shall need another important fact about these spaces, which has already been 
proved in [SZ14]. 


Lemma 3.1 ([SZ14, Proposition l(iii)]). Let p G (1,2), and let v = (u„) be a 
sequence in (0,1]. Then for each n G Z"*", each 1 < k < n, and each A C {1, • • • , n} 
satisfying \A\ = k, we have 


1 



< k^/P A 




Vn 




where denotes the canonical basis for Ep. 


(n) 


’3 n 



9 



Let us now define the space 


which can be viewed as a iLp-complemented subspace of Ip = 
there exists a iLp-projection G C{lp) onto dehned by 


p — • 

“ VC/ ■ 

n=l 


Indeed, 



Up. 


When p is understood from context, we will write W = and Py = Pp^^,. 

If X is a Banach space with dimension d G Z"*" U {cxd}, with a hxed basis 
we set Nd = {1, • • • , d} if d G Z’*' and = Z,’*' otherwise. We then dehne the fun¬ 
damental function px '■ Nd U [1, d) —)■ M and the lower fundamental function 
Ax : Xrf U [1, d) —)■ M by the rules 


(px{k) = sup 

I ieA 

\x{k) = inf < 

I ieA 


x:ACNd,\A\<k 


and 


■■AGNd, |Al| > k 


for all k G Nd-, extending them each to Nd U [1, d) via linear interpolation. Notice 
that we obtain, immediately from Lemma 3.1, the following. 

Corollary 3.2. Let p G (1,2), and let v = (vn) be a sequence in (0,1]. Then for 
any n gTA and any 1 < k < n we have 

uip 

TF„{k) < k^^P A -, 

Vn 

where we have used the notation P„ = Fpfv„. 

As a matter of convention, if u = {vn)^=i is a nonincreasing sequence in (0,1], 
then we extend v to all of [0, cxd) by setting Uq = 1 and = v\x\- This allows us to 
restate a Lemma proved in [SZ14]. 

Lemma 3.3 ([SZ14, Lemma 3]). Let p G (1,2), and let v = {vn)1^=i be a nonin¬ 
creasing sequence in (0,1] satisfying Vn > n~^ for all n G TA, where V = \ ~ \- 
Then for each k gTA we have 


Ayp,„(A;) > 


LX72J 




In order to prove our main result, we shall need two more Lemmas from [SZ14]. 

Lemma 3.4 ([SZ14, Lemma 4]). Let Y be an infinite-dimensional Banach space 
with a normalized, 1-unconditional basis (/j)^i, and for each m G lA, let Gm be an 

m-dimensional Banach space with a normalized, 1-unconditional basis 

let Bm : Gm -A Y be a linear operator with ||Pm|| < 1. Assume that the conditions 


(5) 

( 6 ) 


lim sup = 0, 

k^oo m>k k 


and 


lim = 0 for all c> 0 

m^oo XY[cm) 
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are both satisfied. Then 

^ m 

lim — y^WBmg^r^Woo = 0, 

m^oo 777, 

2 = 1 

where we define ||i/||oo = supj^^+ {yfi for any y = ^ 

Recall that when 1 < p < 2, the space Ip has cotype 2 (cf., e.g., [AK06, Theorem 
6.2.14]). Throughout this section, we shall let Cp denote the cotype-2 constant for 
p 

-Op. 

Lemma 3.5. Suppose p G (1, 2) and q G (p, cxd), and let v = (un)^! be a sequenee 
in (0,1]. Fix any n G and any a G (0,1] satisfying Vn < , and let 

denote the canonical basis for Fp'fJ„. If y = satisfies 

IIpII (n) < 1, and sup lyfi < a, 

l<j<n 

then 

\\iyj)]=i\\q < max{CP,K^} ■ • \\y\\P . 

^ ^P,vn 

Furthermore, we have 

llte)yill»; < A>j-7. 

Proof. The hrst part of this Lemma is just a restatement of [SZ14, Lemma 5]. To 
prove the “furthermore” part, let us raise each side of the previous inequality to the 
1/g power, to obtain 

\\{yjTj=i\\q < max{C'P/'?, RTp} ■ . 

Taking the limit as g ^ cxd, we now have 


\\{yj)]=i\\q < max{l,R:p} 


IaI_L 1. 

r2 2 pi = Kr,a^ 


Fix any nonincreasing sequence v = (n„) in (0,1] and any p G (1, 2). In the proof 
to [SZ14, Lemma 5] it was observed that, in ip, any normalized and 1-unconditional 
basis Cp-dominates the canonical basis of £ 2 - (This is a straightforward consequence 
of £p, 1 < p < 2, having cotype 2.) In particular, the canonical basis of each £ 2 , 
n G Z+, is Cp-dominated by canonical basis of FpfJ^. Thus, for any q G [p, cxd] we 
may define the formal identity operator 

Ip,v,q • ^p,v t Zq 

such that ||/p,«, 5 || < Cp. When p is understood from context, we will simply write 
Iv,q = ^p,v,q- In case we need to consider Banach spaces over C, as an abuse of 
notation we will write and in place of the complexification maps 

{Iv,q)c ■ 0^p,v)c —^ {Zq)c and {Pv)c ■ (^p)c —t {£p)c- 

This gives us enough machinery to prove the next Lemma. It is analogous to 
[SZ14, Theorem 6], and the proof here is essentially the same, except making slight 
modihcations where necessary. Note that we include some gritty details which were 
omitted from the original proof in [SZ14]. (In fact, we shall continue to follow this 
policy of giving greater detail when later adapting results from [SSTT07] in Sections 
4 and 5, as we believe it enhances readability.) 
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Lemma 3.6. Let p G (1,2) and q G {p, cxd], and let v = {vn)'l^=i and w = {wn)'l^=i 
be noninereasing sequenees in (0,1]. Let Y^, Y^, I^ q, I^ g, P^, and be as above. 
Suppose X is a real Banach space such that n ■. X ^ W is a bounded projection onto 
a subspace W of X, such that there exists an isomorphism U -.W -P- ip. Suppose also 
that Y is a real Banach space such that there exists a continuous linear embedding 
J : Zq ^ Y. Assume Vn > n~'^ and Wn > for all n G , where p = ^ — ^Iso 
assume that 

(7) lim ^ = 0 for all c G (0,1), 

n^oo Wn 

where we extend to (va;)xe[o,oo) using the rule Wq = 1 and as 

described above. Then 

JIn,,,Pn,U7r i F) and (i [Qi^^Xc, Y^). 

Proof. By Proposition 2.2, it is sufficient to consider the real case. Let 
denote the canonical basis for := and let denote the canonical 

basis for Gn '■= Fp^w^-, which we may view as vectors in F„ and Y^,, respectively. Set 
hf^ := JIn,Pn,gf = JIn,,qgf G F, SO that 

[hf^ : n G Z+,j = I,-- - ,n} 

is a copy of the standard basis for Zq as embedded into F. Then let 

{hf'^* : n G Z+,j = I,-- - ,n} C F* 

denote their biorthogonal functionals, which are bounded by some constant K G 
[1,cxd) since the h^^'^A are seminormalized. For each m G TP, dehne a continuous 
linear functional G C{X, F)* by the rule 

= - F V.'””). r e c(x, y), 

2=1 

where here we are viewing F^ as a subspace of ip = {(Bip")ep and hence the as 

vectors in ip. Notice that these functionals are uniformly bounded by iF||17“^|| so 
that they have a weak*-accumulation point <F G C{X, Y)*. Since ^m{Jhw,qPwU7i) = 
1 for all m G we have ^{Jlw^qPwUn) = 1 as well. 

Now let A G C{Zq,Y) and B G £(X, F^) with ||A|| < 1 and ||P|| < np^- 
Eventually, we will show that 

(8) lim ^rn{AIv,qB) = 0. 

m^oo 

From this it will follow that ^{Aln^qB) = 0, and hence JIw,qPwU7r ^ [Qiv,q]{^)P) 
as desired. 

Let Bm '■ U~^Gm —)■ F„ denote the restriction of B to U~^Gm. We claim that 

(9) lim —y^\\BrrJJ~^Woo = t), 

m^oo m 

2=1 

where, as in Lemma 3.4, we dehne 

lll/lloo = sup {||/n,il : n G Z+, j = 1, • • • ,n} 

for any y = Yln=i ^ F„. By Corollary 3.2 we have for 

all 1 < /c < m, which means condition (5) in Lemma 3.4 holds. Notice that Y^ 
has a normalized 1-unconditional basis, since it is formed from the f'p-sum of spaces 
with normalized 1-unconditional bases. Furthermore, ^ 1 for all m G T'^. 
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Thus, if we can verify condition ( 6 ), then we will be able to apply Lemma 3.4 to get 
(9). Indeed, by Lemma 3.3 we have 


^yM> 


Lv^J 




> 


for all k G Z"*". Recall that Ay„ is a nondecreasing function extended to [1, cxd) via 
linear interpolation. Since also for each x G [1, cxd) we have \/[x\/2 > \_-\/x/2\ and 
hence 




this means 


Notice that 








v/(a;-l)/2-l 3^(3; _ l)/2 - 3 3 /^Tl _ _ 

K„^/2 ' a;V2 ^ 2 V a; ' 2 


as a; —)■ cxD. Thus, there is 7 G [1, cxd) such that 


3 

-)■ - 




X 


1/2 




for all X G ( 7 , 0 x 3 ). We also have, again by Corollary 3.2, that (pG^{m) < 
for all m G Z"*". Thus, for any c > 0 and sufficiently large m, we have 

?)Kr,V 


Aw (cm) 


< 


y/cm/2 ^12 SKp y/cm/2 

(cm) 1/2 ci/2 ■ 


hence 


Notice that since (n„) is nonincreasing, if c > 1 then x< v 

^ SiLp ^ diLp ^V(i/2)m 

AY„(cm) “ ci/2 “ ci/2 

as m —)■ CX3, by assumption (7). Otherwise, c/2 G (0,1) and so again by (7) we have 

^ 3Rp ^ 1 /cm/2 _ 3iLp '*^ 1 /(c/2)m 


^ 0 . 


Ay, (cm) ci /2 ci /2 

Thus, condition ( 6 ) of Lemma 3.4 is satished, and (9) follows. 

Now let us now prove (8). Set t = | — w, and £x an arbitrary g G (0,1). Notice 
that by (7) we have Vn —)■ 0, and so we can find no G N such that Vn < p* for all 
n > fio- Then 


( 10 ) \^m{Ah,gB)\ =— 


m 




-1 

yi ) 


2=1 


K 


— / Al^v.qBfriU 

m 


-1 Ml 
yi I 


2=1 


Select 1 < i < m, and then write 


cxD n 

n=l j=l 


for scalars Xnj G M. Due to the fact that the basis : n G Z+, j = 1, • • ■ ,n} is 
normalized and 1 -unconditional, we have 

IIB^C'-LClU < \\B„U-^gl"‘>\\y, < ||j7>||r, = 1 
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(cf., e.g., [AA 02 , Lemma 1.49]). Now set 

(^) \ / II TD TT—l {'<^) II 

^ V I loo ^ 1? 

and observe that Vn < for n > uq. Furthermore, max^ \xn,j\ < so that 

the conditions of Lemma 3.5 are satisfied for {xnj)'j=i when n > uq. 

We complete the proof by separately considering two cases, where q = oo and 
then where q ^ oo. 

Case q = oo. 

By Lemma 3.5 we have 

1/2 


E 

.i=i 


X. 


n,J I 




(m)t 


for all n> Uq. 


1/2 


I 


Thus, 

\\Iv,ooBmU~^gi'^^\\z^ = sup 

nez+ 

< V sup ( 

n<no 

Combining the above with (10), we now have 


n \ 1/2 

2 


n,J I 




\^m{Ah,ooB)\ <-y^\\h,ooB^U-^gt\\z^ 

m ^^ 


i=l 


< 


Ty III' 

-E 

m L 

i=l 


(m)t .. 1/2|| p 

UpCij V Hq II 11^(7 (/j ||oo 


KK„ 


<'±llpy y + fillL W||B„c-ig, 


Kn, 


1/2 


r-i^M|| 

H Iloo 


2=1 


2=1 


Notice that t G (0,1/2) and so i—)■ .^Ms a concave function on (0, oo). Thus we 

have 


yWE^U 

m m 

2=1 2=1 


< A'A-, ( X ^ y j + iiZlL 

m m 


-1 M|| 

% I loo 


Kn, 


1/2 ra 


Ui lloo- 


2=1 


Letting m —)■ oo, condition (9) now gives us 

t 


$^(A4,oc5)| < KKp - Vaf) +^^^y^\\B^U 

\m^ m ^ 


1/2 


2=1 


2=1 


KKpl-y2g\/\\B^U-^g. 

\ m 


i Iloo 


+ 


Kn, 


1/2 m 
0 


i=l 


r-1 M|| 
yi l|oo 


y2\\B.^U-^g^"^\\oo^KKpgK 


2=1 


m 


2 = 1 


Since g G (0,1) was arbitrary, we have ( 8 ). 
Case q ^ oo. 
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By Lemma 3.5 we have 


0=1 


<?/2 


X. 


n,J I 


< Xn,jfj \\f^ for all n > no, 

i=i 


where N = max{C^, K!^} and r = min{| — | — 4}- This gives us 


oo / n 


2 2 ’ 2 p' 

q/2\ Vg 


\h,qB^U-^gt^\\z, = E E 


X. 


nj I 


< 


no / n 

EE 

n=\ \j=l 


n=l \j'=l 

q/2\ l/g 


<?/ 2 ^ 


l/<7 


X. 


n,3 I 


E E 

n>no \i=l 




I 


no 


< E 11^-^ 


yn=l 


Hi lloo'lo 


1/9 


n \ V<? 

(m)rii'^ r(n)||P 


5: 


\n>no 


i=i 


1/9 


r'M EiE^-fo-’iiL 


\n>no j=l 

Combining this with (10) and the concavity of i—)■ (which follows from the fact 

that r/g < 1 ), we get 


\^m{Ah,qB)\ <-y^\\h,qBr^U-^gf^\\z^ 

m < ^ ^ ^ 


K 

m 

K 


2=1 
m 


< 


m 


J2 + iv'-'v.'™'’--''') 

i=l 


Kn, 


l/2+l/(j m 


0 


j Fn 


KN^/i 


m 


a. 


(m)r/q 


- _J2\\B^U-^g\^^\U + KN^A [ 

m ^ \ m ^ 


i=i 

l/2+l/(j m 


i=l 


r/q 


(m) 


J = 1 


2=1 


Letting m ^ oo, condition (9) now gives us 


1/2 + 1/g 222 

\<!>UAh,qB)\ + ( -E^^^ 


m 


j=i 


a. 


r/g 


2=1 


^ KN^Agr/q_ 


Since g & (0,1) was arbitrary, we have ( 8 ). 


We will also need a basic fact about the existence of preduals. We provide a short 
proof in lieu of a direct reference. 


Proposition 3.7. Let X andY be Banach spaces, and suppose Y* is reflexive. Then 
every operator in C(Y*,X*) is the dual of an operator in C{X,Y). More precisely, 
ifTe C{Y*,X*) and Y* is reflexive then T = S* for some S G C{X,Y). 
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Proof. Recall that if an operator T G C{Y*,X*) is weak*-to-weak* continuous, then 
it has a predual S' = T* G C{X, Y) (cf., e.g., [Me98, Theorem 3.1.11]). We will show 
that this condition is satished whenever Y* is reflexive. Since T is norm-to-norm 
continuous, it is therefore weak-to-weak continuous (cf., e.g., [Di84, Theorem II.5]). 
However, every weak*-open set is also weak-open (cf., e.g., [Di84, ppl2-3]), which 
means T is weak-to-weak* continuous. Since Y* is reflexive, the weak and weak* 
topologies on Y* coincide. Thus, T is weak*-to-weak* continuous as desired. ■ 


Let M = {mi < m 2 < • ■ ■} be an inhnite subset of lY. If p G (1,2) then we 
let p = i and then dehne the sequence = {wn)Y=i (0) 1] as follows. We 
set wi = 1 and = 2“*'^ for each A; G and extend to the rest of Z+ via 

linear interpolation. Now we shall £x a chain C, with cardinality of the continuum, 
of subsets of 7Y satisfying the property that if N and M lie in C then either N M 
and |M\iV| = cx), or else M N and |M\iV| = 00 . This is not hard to achieve. For 
instance, given r G (0,1), let (tr,n)^i be a strictly increasing sequence of rational 
numbers such that tr,n —)■ r as n —)■ cxd. Let / : Q —)■ Z+ be any injective map, 
and define Mr = {f(ts,n) ■ s G (0,r),n G for each r G (0,1). Then for any 
0 < ri < r 2 < 1 we have C Mr^ and \ = 00 . If necessary, we will 

delete a maximal and minimal element from C. 

Thus, we can state and prove the following result. 


Theorem 3.8. Let p G (1,2) and q G (p, cxd]. Suppose X is a real Banach space 
containing a complemented copy of ip, and that Y is a real Banach space containing 
a copy of iq if q^ 00 , or of Cq if q = 00 . Let C be a chain as described above. Then 

l(vy) S I6,j J(A',r) c ;F55(A,r) 

and 

le,,, J(A'c,Fc) C [g, KAcVc) S rSS(Xc,Yc) 

for all M Y N lying in C. 

If furthermore X is reflexive, then 


[g* ^ ](w,x*) c [g* ](w,x*) c 55C5(w,x*) 


- p 




and 

\<S’, , l(ic'. Ay C [61, ](!';, Ay c 55C5(yc-, Ay 

for all M Y N lying in C. 


- P 


Proof. It was shown in the proof of [SZ14, Theorem A] that if M C AT c with 
N \ M also infinite, then the sequences v = = {vn)Y=i w = = {wn)'lfLi 

satisfy condition (7) of Lemma 3.6, as well as the condition that Vn > n~^ and 
Wn > n~^ for all n G Z"*", where p = - ~ Recall from Pelczyhski’s Decomposition 
Theorem (cf., e.g., [LT77, p73]) that Zq is isomorphic to iq when q 00 , and 
if instead q = 00 we have that Z^o embeds into cq via the map 6 dehned in the 
introduction. Thus, in either case, Zq embeds into Y, and the conditions of Lemma 
3.6 are satisfied. 

Let us now recall some observations from the proof of [SZ14, Corollary 7]. Indeed, 
from condition (7) it follows that < Wn for sufficiently large n. Together with 
condition (4), this means the canonical basis of Fp^w is iLp-dominated by that of 
Fp\v for sufficiently large n. It follows that the formal inclusion map 
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is bounded. Together with g = Iw,qlY^,Y.u,i we get 

[<?/.J(A',K)C [g,„J(A',K), 

and, by Proposition 2.2, 

[e/.j(A'c.yc)c i6,„j(A'c,yc). 

These inclusions are seen to be strict by applying Lemma 3.6. 

We also need to observe that Iw^q is class J^SS, from which will follow the inclu¬ 
sions 

ie/.j(A',y)cj^55(A,y). 

and 

[gi^JiXc,Yc)CTSSiXc,Yc). 

(These inclusions will be strict since we have deleted a maximal element from C.) 
Indeed, it has already been shown in [SZ14, Proposition 8] that the real version of 
Iw,q is XSS when q ^ oo, and in case q = oo then we see that the real version of 
Iw,oo is still XSS since it factors through the XSS map 1 ^,2- Applying Proposition 
2.3 covers the complexification case. 

Finally, let us consider the case where X is reflexive. Notice that Y** contains a 
copy of Y and hence of Zg, satisfying the conditions of Lemma 3.6 for Y** in place 
of Y. Hence, there exist operators 


Tegj^jx,Yn\[gi.jix,Y**) 


and 


T e e,.jxc,\T) \ [e/.j(Ac,n”). 

Since X and hence also Xc are reflexive, by Proposition 3.7 we have T = S* for 
some S G C{Y*,X*) and T = S* for some S G C{Y^,X'^. It follows that 

s eg]^^^{Y\x*)\[gq^j{Y\x*) 

and 

s e Aa \ Aa. 

We must also have S ^ [g}^ ^{Y*^X*)^ otherwise there would be Sn G g*j^ ^(Y*^ X*) 
such that Sn ^ S and hence S'* —)■ S* in norm, contradicting the fact that S* = 
T ^ ^](X, F**). For the same reason, S ^ A"^)- If follows that the 


inclusions 
and 


IsijiY'.x-) c [eaj(y,.A-). 


K.j(raAa c i6;,j(raAa 

are both strict. The proof is then complete as we consider the full duality between 
XSS and SSCS (cL, e.g., [P104, Theorem 4]), together with the fact that we deleted 
a maximal and minimal element from C. ■ 


Before proving the main Theorem 1.1, let us study the relationship between closed 
subideals of C{X, Y) and closed ideals in C{X ©F). Recall again that if Si is a subset 
of C{W, Z) then we denote by F) the set of all operators in £(X, F) factoring 

through some operator in Sl. 

Proposition 3.9. Let X and Y denote Banach spaces. For each closed subideal X 
in £(X, F), we define 


T(X) ;= [gx]{X®Y), 
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the closed linear span of operators acting on X ®Y and factoring through elements 
ofX. Then ^ is an order isomorphism between the closed subideals in C{X,Y) and 
the closed ideals in C{X © Y) of the form ^(X). 


Proof. Let J and JT” be closed subideals in £(X, Y). Clearly, if X C JT, then '1/(X) C 
'l/(j7'). Now let us suppose instead that th(X) C \l'(j7’). Pick any T G X. Let 
P : X (BY —)■ X and R : X (BY —)■ X denote the canonical projections onto X and 
Y, respectively, and let J : X —)■ X © X and Q : Y —)■ X © X denote the canonical 
embeddings. Then QTP G tl'(X) C T(dr), and so we can hnd a sequence of hnite 
sums satisfying 

rrin 

lim '^BnjTnjAnj = QTP, 


where G X(X © Y,X), G C{Y,X © Y), and Tnj G ff for all n and j. Let 
us set 

Sn ■= ^ ' ^ RBnjTnjAnjJ G jT”. 

i=i 

Then Sn —t RQTPJ = T, and since J is closed we get T G JL, showing that X Y J. 


We also need the following result on hnding copies of tq or cq in a decomposed 
space. 

Proposition 3.10. Let \ <p < q < oo. Suppose Y is a (real or complex) Banach 
space such that Ip (BY contains a copy of iq (resp. Cq). Then Y contains a copy of 
iq (resp. Co). 

Proof. Let {xn © |/n)^i be a seminormalized basic sequence which is X-equivalent, 
for some 1 < X < cxd, to the canonical basis of iq (resp. Cq), where Xn G ip 
and yn & Y for all n G We claim that {xn)(f=i has a convergent subsequence. 
Otherwise, by Rosenthal’s ii Theorem, we consider separately the case where {xn))f)=i 
contains a subsequence equivalent to the canonical basis of ii, which can only be 
true if p = 1 since ip contains no copy of £1 for 1 < p < cx). Pass to this subsequence, 
and set = X 2 n+i — X 2 n so that is a seminormalized basic sequence and 

equivalent to the canonical basis of ip = ii in this case. Next, consider the case 
where {xn)'lf)=i fails to contain a subsequence equivalent to the canonical basis of Q. 
Then we can pass to a subsequence if necessary and again dehne x'^ = X 2 n+i — X 2 n so 
that is seminormalized and weakly null. By the Bessaga-Pelczyhski Selection 

Principle together with [AK06, Lemma 2.1.1 and Remark 2.1.2], we can pass to a 
further subsequence if necessary so that is again equivalent to the canonical 

basis of ip. Thus in either case, we have passed to a subsequence so that {x'^)ifLi is C- 
equivalent to the canonical ip basis for some 1 < C < cxd. Now set y'^ := P 2 n+i — P 2 n- 
Then {x'^ © is C'-equivalent to the canonical ip basis for some 1 < C" < cxd. 

Without loss of generality we may assume that ip(BY is endowed with the ii norm, 
i.e. ||a; © p|| = ||a;|| + ||p|| whenever x & ip and y eY. In the iq case we now have 

N N 

C'N'/- > ||^<e9;|| > ||^<|| > c-'W/o 

n=l n=l 

for all N G Z+, which is impossible. Similarly, in the Cq case we have 

N N 

c'>\\J2<<s y'n\\ > llE<ll 

n=l n=l 
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for all N G Z+, which is again impossible. Thus, contains a convergent 

subsequence as claimed. Pass to it, and let x G iphe such that \\xn — a;|| < 2“"' for 
all n E Then 

N N N N N 

\\'^Xn®yn\\ > |lX]a;n|| > ||^a;|| - '^\\xn - x\\ > ||^a;|| - 1 = N\\x\\ - 1. 

n=l n=l n=l n=l n=l 

In the iq case this means 

N 

> \\^Xn®yn\\ > iV||a:|| - 1 

n=l 

for all N G Z"*", and in the Cq case we have 

N 

K > \\^Xn®yn\\ > ^^||a:|| - 1 

n=l 

for all N G Z"*". Either way, we must have a; = 0 or face a contradiction as iV —)■ cx). 
Thus, by the Principle of Small Perturbations, we can pass to a subsequence if 
necessary so that {xn®yn)’^=i is equivalent to (0 ©i/„)^p It follows that (i/n)5^i is 
equivalent to the canonical basis of iq (resp. cq), and hence that Y contains a copy 
of iq (resp. Co). ■ 

Now we can proceed with the proof of the main Theorem. 

Proof of Theorem 1.1. Let X be a real Banach space containing a complemented 
copy of £p, and a copy of either iq or cq. Let us decompose X = ip® Y for some 
subspace Y of X. Notice that by Proposition 3.10, Y contains a copy of either iq or 
Cq. 

Next, let T be as dehned in Proposition 3.9. Since XSS and SSCS are closed 
operator ideals, we have 

T(X55(4, Y)) C XSS{ip ®Y)= XSS{X) 

and 

T(55C5(4, F)) C SSCS {ip © F) = 55C5(X). 

Similarly, since {ip)c © Fc = {ip © F)c, we have 

T(X55((4)c, Fc)) C X55(Xc) and T(55C5((4)c, Fc)) C 55C5(Xc). 

Due to p G (1,2), the space ip is reflexive. Applying Theorem 3.8 and Proposition 
3.9 therefore completes the proof. ■ 

4. Incomparable ideals in C{X) and C{X*) 

In this section we prove Theorem 1.2. Note once more that we will very closely fol¬ 
low the proof of [SSTT07, Theorem 5.4], except making certain modihcations where 
necessary. We will need the following preliminary, which was given in [SSTT07] as 
a Corollary to [DJT95, Theorem 9.13]. As a matter of notation, if A is an n x n 
matrix, then we let ||A||p,j, 1 < p,q < oo, denote the operator norm when A is 
viewed as an operator A : ip ^ iq. 

Proposition 4.1 ([SSTT07, Corollary 5.2]). Let m G Z+, and letl<p<r<q< 
oo. Suppose U is an invertible m x m matrix satisfying ||C||p^g < 1 and < 

6 . Then for any faetorization U = AB we must have ||A||r^g||i?||p,, > 5“^. For 
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i = 1, • • • , m, let Ci ^ K™ denote the ith coordinate vector. If U is another m x m 
matrix satisfying 

\\U-U\\,,,< (2 max||C/-‘e,||,j 

then for any factorization U = AB we must have 

\\M\rA\B\\p,r > m-\ 


This is enough to prove the next result. 


Theorem 4.2. Let 1 < p <2, and let p' be its conjugate, i.e. ^ ^ = 1. Suppose 

X is a (real or complex) Banach space containing a complemented copy of ip, and 
let P : X ^ ip denote a projection onto ip. 

(i) Suppose Y is a (real or complex) Banach space containing a copy of cq, and 
let J ■. cq ^ Y be any bounded linear embedding. Then there exists an 
operator U G {PSS r\SSCS){ip,co) such that 

.jup i[g,f\{x,Y). 

Furthermore, if X is reflexive then there exists an operator 

V e \ [g^f\{Y\X*). 

(ii) Suppose Y is a (real or complex) Banach space containing a copy of iq, 

q G [p', 00 ), and let J : iq ^ Y be any bounded linear embedding. Then there 
exists an operator U G ASSCS){ip,iq) such that 

TUP i[gef\{X,Y). 

Furthermore, if X is reflexive then there exists an operator 

V G \ [gtf\{Y\X*). 


Proof. Let us inductively define a sequence of 2^^ ^ x 2"^ ^ matrices. Set 

Hi := [1], and if Hn has been defined for n , set 


Hn+l 


Hn Hn 
Hn -Hn 


Note that, in the literature, each Hn, n G is called the nth Hadamard matrix, 
and for any l<r<s<cxDit can be viewed as an operator Hn G ,if' ). 

It was observed in [SSTT07, Remark 5.3] (and is routine to verify) that each 

tt2 _ r,n—l T 

Hn — 2 

where denotes the 2”“^ x 2”“^ identity matrix, and that 

||^n||2,2 = 2("-')/2 and \\Hn\\l,oo = 1 . 


Thus, if r G (1,2) then we can apply the Riesz-Thorin Interpolation Theorem with 
<p = 2/r' G [0,1], to obtain 


\Hn 






l—(f> o(n—l)/r' 

1,CXD ^ 


We can therefore define, for any r G [1,2], 



2 -T-L/r'u 
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SO that ||t4r llpy < 1, and hence also ||t/n ||p^oo < 1- Due to these facts, we can 
dehne the norm-l linear operator 




® « 2 - 

tp, 


Next, dehne 


U :=Ir,' and U := U 


Since Ip'^ is J^SS, it follows that U is as well. That U is J^SS has already been 
shown in [SSTT07, Theorem 6 . 8 ]. 

Since ioo is injective, it will help to hrst consider that space. Snppose towards 
a contradiction that Iq^ooU G (^oo)- Recall that if X, Y, and Z are Ba¬ 

nach spaces with Z = Z ® Z, then Qz{X,Y) is always a linear space (cf., e.g., 
[Scl2, eq.(2),p313]). In particular, Ge 2 {^p:^oo) is a linear space, and so there is 
U e Gi 2 {ip,ioo) with \\Iq,ooU - U\\p,oo < Write U = AB for A E £(£ 2 ,^ 00 ) and 
B E £(£^,£ 2 ), and set C := ||A||||R||. Due to 2 < p' < cx), we can pick n G such 
that 


Denote by J. : -> ^nd ^ the 

canonical embedding and projection, which are both norm-1. Now let E be any 
2"'“^-dimensional subspace of £2 containing BJnip" = Im(RJ„). Recall that 
a closed subspace of a Hilbert space is again a Hilbert space, and so by Parse- 
val’s identity we can now see that E is isometrically isomorphic to £ 3 " • Hence, 
RnUJn = {RnA\E){BJn) factors through £ 3 " \ and 

(11) ||R„H|s||||RJ„|| < ||H||||R|| =£'< 

Due to = 2 "'“^/ 2 n-i, we have Recall also that 

||hfn||i,oo = 1, so that for each Rh coordinate vector e* G we have 

||7fnCi||oo ^ IIhfnII 1,00 IICjII 1 1, 

and hence 

\\U^'^ — RnU Jn||p,oo = ||Rn( 75 ,ooD — U)Jn\\p,oo 

< || 4 ocD-f/||p,oc max l|(H(D)-ie^|| ^ . 

Z \ J 

This gives us 

:= ll(Dl^^)"i2,2 = 2-(”-i)2("-^)/p'||£r„||2,2 


Thus we have ||f4 


n ||p,OD 


< 1 , ||(H^'’Vi2,2 = 5, RnUJn = (RJ,,), and 


\\UiU -R^UJn\\p,oo< (2 max ||, 

y i<i<2"-i y 


so that we can apply Proposition 4.1 to obtain 


|R„RUI|2,oc||5J,,||p,2 > (25)-' = (2 ■ 


-1 
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However, this contradicts (11). This proves that Iq^ooU ^ [Ge 2 ]{^p,^oo)- 

Next, suppose towards a contradiction that JUP G [Qi 2 ]{X, Y). Then we can hnd 
operators ^ with —)■ JUP in norm. Set Y := Jig C Y, and 

let J : iq ^ Y be the isomorphism induced by J, i.e. Jx = Jx for all x G ^q. Now 
let Q ■. Ip ^ X be an embedding satisfying PQ = Ip p. Via injectivity of we may 
extend R ;= Iq,ooJ~^ to R :Y ioo- Then 

RAnQ ^ RJUPQ = Iq,ooJ~^JUPQ = Iq,Jj, 

contradicting the fact that Iq^ooU ^ It follows that JUP ^ [Q£ 2 ]{X,Y). 

Notice that Io,ooU = Iq^ooU so that Iq^oqU ^ [Ge 2 ]{^pj ^oo)- This way, we can run 
a similar argument as above, by supposing towards a contradiction that JUP G 
[Q£^]{X, Y). Then we can hnd operators G Ge 2 {X, Y) such that —)■ JUP. Let 
S : Jco —)■ Co be an isomorphism satisfying SJ = /o,o- Via injectivity we may extend 
M := Iq^ooS to M : Y —)■ i^o. Then 

MA^Q ^ MJUPQ = Io,ooS.JUPQ = Io,ooU, 

contradicting the fact that Iq^ooU ^ lQe2](^p^ ^oo)- It follows that JUP ^ [^£ 2 ](X, V). 

Now let’s suppose X is rehexive. Denote hy K : Y —>■ Y** and K : Y ^ Y** 
the canonical embeddings. By Proposition 3.7 there exist operators G C{ip,ipi) 
and P* G {ip>,X*) such that = U^'^^ and (P*)* = P. Let us dehne 

V := P,V^P'>U^pJ* and V := PM^hq,^pJ*. 

Notice that we have J**\co = KJ, and hence 

V* = J**Ip,^^U^^P = J**\^Jp>flU^'>P = K.JUP. 

Similarly, 

V* = J**Ip,^qU^P^P = J**UP = KJUP. 

It was shown in [P104, Theorem 4] that an operator T is class PSS (resp. SSCS) 
if and only if T* is SSCS (resp. J^SS). In particular, this means V and V are 
both SSCS. Also, since U* and V both factor through Rp, they are each class 
PiSiS, and furthermore U is class SSCS. Now, V factors through a predual P* of U, 
with P* : iq/ ipf and hence V both SSCS. Recall that an operator is said to be 
B-convex iust in case it fails to contain uniformly isomorphic copies of n G TA. 
This is equivalent to having type r for some r > 1 (cL, e.g., [Pis82, Remark 2.7]). Of 
course, ip has type p > 1 (cL, e.g., [AK06, Theorem 6.2.14]) and hence is P-convex. 
It was also shown in [P104, Theorem 3] that if X is a P-convex Banach space, Y is 
an arbitrary Banach space, and T : X —)■ V is J^SS, then T* is J^SS. In particular, 
U* = P* is PiSiS, and it follows therefore that P is SSCS and V is J^SS. 

It remains to show that neither V nor V are class First, notice that we have 
already proved the first part of (i), so that, since KJ : cq —)■ Y** is a bounded linear 
embedding with Y** containing a copy of Cq, therefore KJUP ^ Y**). Let us 

assume towards a contradiction that V G [Q£^](Y*, X*). Then for each 7 > 0, there 
exists V G Qi^{Y*, X*) such that |]V — V|| < 7 . This gives us {V)* G Qi^{X,Y**), 
with 

||V*-(V)*|| = ||(V-V)*|| = ||V-V||<^. 

It follows that KJUP = V* G [Qe 2 ]{X,Y**), which contradicts our conclusion from 
above. A nearly identical argument shows that V ^ [Qg^](Y*, X*). m 
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Corollary 4.3. Let l<p<2<p'<q<oo. Suppose X is a (real or eomplex) 
Banaeh spaee eontaining a eomplemented eopy of ip, and that Y is a (real or eomplex) 
Banaeh spaee eontaining a eopy of either iq if q ^ oo or cq if q = oo (not necessarily 
eomplemented). Then the closed subideals of C{X,Y) are not linearly ordered. In 
particular, we have the following diagram. 


{0} 

-^ 

/c 

-^ 

^ssniGil 


YSS 



Here, the dashed arrows (—>) all represent proper inclusions, and ” represents 
incomparable subsets, i.e. that neither set is a subset of the other. 

If furthermore X is reflexive, then the closed subideals of C(Y*,X*) are not lin¬ 
early ordered, and we have the following diagram. 


{0} 

-^ 

/c 

-^ 



SSCS 



© 


c 




1^12] 




Proof. Let tt : X —)■ 1C be a projection onto a subspace W which is isomorphic to 
ip, and \et A ■. W ^ ip be an isomorphism. Consider the case where qfl^oo, and let 
J : ^ C be an embedding. Then JIp^qAn is class HSS fl but not /C. Next, 

consider the case where q = oo, and let J : cq ^ C be an embedding. Then LIp^An 
is HSS n but not X. Since HSS is in full duality with SSCS and each of /C and 
is in full duality with itself, this gives us the first two arrows in each diagram. 

In case g 7 ^ cxd, let T = Df^X^p^qDp be a (p, g)-Pelczyhski operator. Then .ITAn 
is class ^£2 but not HSS since it uniformly hxes copies of £2 for all n G Due 
to the duality between HSS and SSCS, its dual {ITAn)* is f' 2 -factorable but not 
55C5. 

Similarly, in case g = 00, let T = OX^p^Dp be a (p, 0)-left Pelczyhski operator. 
Then for the same reasons, IT An is class Qg^ but not XSS, and its dual {IT An)* 
is class ^£2 but not SSCS. Applying Theorem 4.2 now completes the proof. ■ 

The second main Theorem follows straightforwardly from the above Corollary. 

Proof of Theorem 1.2. Let X be a (real or complex) Banach space containing a 
complemented copy of ip and a copy of either iq or cq. We decompose X = ip® Y 
for some subspace Y of X, so that by Proposition 3.10, Y contains a copy of either 
iq or Cq. Since p G ( 1 , 2 ), the space ip is reflexive, and so by Corollary 4.3 we can 
hnd incomparable closed subideals in C{ip,Y) and C(Y*,i()). By Proposition 3.9, 
this means C{X) and C{X*) admit incomparable closed ideals. ■ 

5. Closed ideals in C{ip © co) and C{ii ®iq), l<p<2<q<oo 

In this section we will study the special cases of C{ip © Cq) and C{ii © iq) for 
l<p<2<g<cxD. We shall begin by summarizing what is currently known 
about the closed ideals in these algebras. It was proved in [Pi78, Theorem 5.3.2] 
that C{ip ® iq), 1 < p < q < 00 , has exactly two maximal ideals, and that the 
lattice of further closed ideals is order-isomorphic to the lattice of closed subideals 
in C{ip,iq). According to Proposition 3.9, we also have an injective and order¬ 
preserving relationship between the closed subideals in C{ip,Co), 1 < p < 00 , and 
the closed ideals in £(f'p©co). In [SSTT07, Proposition 3.1], the authors showed that 
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any ideal of £(£i,f'g) containing a noncompact operator must also contain Ji g. By 
replacing “^g” with “cq” as needed in their proof, we obtain the analogous conclusion 
that any ideal of C{^p, cq) containing a noncompact operator must also contain Ip^. 

It was shown in [P104, Proposition 4] that J^SS{ip, cq) is a proper closed subideal 
of C{ip, Co) for 1 < p < cx). In contrast, in [P104, Remark 5] the author observed that 
J^SS{ii, iq) = C{ii, iq). However, we can consider superstrictly cosingular operators 
in place of J^SS. Indeed, by duality we have that SSCS{ii, iq) is a proper closed 
subideal in C{ii,iq). 

The following diagram captures the facts we have summarized so far regarding 
the lattice of closed subideals in £(f'p, Cq), 1 < p < cxd. 

. 

The notation comes from [SSTT07]. As in that paper, the various types of arrows 
represent inclusions. A solid single-bar arrow (—)■) is an immediate successor (i.e., 
no ideals sitting in between), while a double solid arrow (^) denotes a unique 

immediate successor. A hyphenated arrow (->) represents a proper inclusion, 

and a dotted arrow (•••>) is an inclusion which we do not know whether it is 
proper. 

Let us also give a diagram of the facts so far regarding the closed subideal structure 
of C{ii,iq), 1 < q < oo. 

. 


Fix 1 < p < 2. Let I^^oo be any of the operators from Theorem 3.8 (with q = oo), 
and let T be a (p, 0)-left Pelczyhski operator. We will show in this section that the 
following diagram represents part of the closed subideal structure of £(£p, Cq). 



Here, the “not equal to” symbol ( 7 ^) means that neither subideal is a subspace of the 
other. Note again that the new diagram for C{ip, Cq) is only proved for 1 < p < 2. 

Using duality, we will also prove the following structure for the closed subideals 
of C{ii, iq) for all 2 < g < cxD. 



Again, note that this diagram only holds for 2 < q < 00 . 

We begin our proof by giving some basic norm estimates, which we will need 
momentarily. Recall that if X is a Banach space with a basis {xn)’^=i, and k G Z"*", 
then the fcth partial sum projection with respect to {xn)’^=i is the continuous 
linear operator Sk G kl{X) dehned by 

OO k OO 

Sk ^ ttnXn = ^ ttnXn for all X = ttnXn G X. 

n=l n=l n=l 

Where convenient, we shall dehne 5*0 = 0. 
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Proposition 5.1. Let X be a (real or eomplex) Banaeh spaee with a basis and 
eorresponding and partial sum projections (S'fc)^p and let E be finite-dimensional 
subspace of X. For every 5 > 0 there exists N such that \\e — Ske\\ < 5||e|| for 
all e E E and k > N. 

Proof. Let {ei, • • • ,€„}, n = dim(i?), be a normalized basis for E, and let iL > 0 
be such that it is iL-equivalent to the canonical basis of Notice that for each 
i = 1, • • • ,n, we can hnd ki G such that \\ei — Skei\\ < 5/K for all k > ki. Let 
N := maxj/ci, • • • , /c„}. Then for any e = ^ ^ k > N we have 

||e - ^fcell = ||^ai(ei - SkefiW < ^ ^ \ai\ < ^W'^aieiW = 5||e||. 

2=1 2=1 2 = 1 


Proposition 5.2. Let X be a (real or complex) Banach space with a basis and 
corresponding partial sum projections F kl{X), and let E be a n-dimensional 

subspace, n G of X. Let T G C{X,Y) for some Banach space Y, and such that 
T\e is bounded below by e > t), i.e. \\Te\\ > e||e|| for all e E E. Then for every 
6 G (0,e), there exists N E lY such that S^E is n-dimensional and T\(^SnE) is 
bounded below by S, i.e. HT^AreH > h||S' 7 ve|| for all e E E. 

Proof. Since S E (0, e), we can hnd 7 G (0,1) such that 

1 + 7 1 -7 

By Proposition 5.1, c N eTY such that ||e — S'atcH < 7 ||e|| for all e E E. Thus, 
l|e|| = 7 ^(||e|| - 7l|e||) < (||-^ 7 ve|| + ||e - ^jve|| - 7l|e||) < -^||^ive||. 

This shows that dim{SisfE) = dim(i?). Together with 

ll-SArell < ||e|l + ||e - S'atcH < (1 + 7)l|e||, 

it also gives us 

T^ll^ivell < e||e|| < ||Te|| < ||T^^e|| + ||T|l||e - ^^e|| 

1 + 7 

< ||TS„e|l + ||r||7lte|| < ||rS„e|| + |lll||S„e||, 

1-7 

and hnally 

■SllS^ell < l|S7e|| < lirSivell. 

■ 

We will also need to recall the following obvious consequence of the Second Iso¬ 
morphism Theorem for modules. 

Proposition 5.3. Let E be a finite-dimensional subspace and let Z be an infinite¬ 
dimensional subspace of a vector space X. Then 

dim(i?) — dim(X/Z) < dim(i? fl Z). 

Proof. By the Second Isomorphism Theorem for modules we have 

E/{EnZ) = {E + Z)/Z 

so that 

dim(E) - dim{E n Z) = dim{E/{E n Z)) = dim((E + Z)/Z) < dim{X/Z) 
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and hence 

dini(i?) — dini(X/Z) < dini(i? fl Z). 


Now let us prove the following Theorem, which is very closely analogous to 
[SSTT07, Theorem 4.11], Our methods are almost identical to theirs, and so we 
will not deviate too far from their proof. Let us use the following notation in our 
proof. If X is a Banach space with a basis (x^), then for any x E X we write 


supp(a;) 


n G 




and if is a subset of X then we define 





supp(i7) = supp(e). 

e£E 


Theorem 5.4. Let 1 < p < oo, and let T G £(f'p, Cq) be any {p,0)-left Pelezynski 
deeomposition operator. If R E £(£p,Co) \ RSS(£p, Cq) then T faetors through R. 

Proof. Let (/Cn)^!, d = 0^]^ and be as in the dehnition of the (p, 0)-left 
Pelezynski decomposition operator T = OR^ppDp. It is enough to show that OR^pp 
factors through R. To do it, we will closely follow the proof of [SSTT07, Theorem 
4.11], only making some crucial modiheations along the way. 

Since R is not RSS, there exists e > 0 and a sequence of subspaces 

of £p such that dim(i7„) = n for all n G Z+, and such that ||i?a:|| > e||a;|| for all 
X E U^i Due to Proposition 5.2, we can assume supp(i7n) < oo for all n G N, 
adjusting e if necessary. Let {Fn)'^=i be dehned by setting Fn := REn for each 
n G N, and let (SRP-n be the canonical partial sum proiections lying in £(co). 
Choose 7 G (0,1/2) to satisfy (1 + 7 )/(l - 7 ) < 2. 

Let’s inductively construct sequences (i7n)^o {^n)1R=o, and a strictly increas¬ 
ing sequence (m„)^o — ^^^ch that the following conditions are satished for all 

n E Z+. 

(i) run-i < supp(.E„); 

(ii) mn-i < supp(F„); 

(hi) supp{En) < rUn] 

(iv) Fn = REn] 

(v) ||i?a:|| > e||a;|| for all x E Fn, 

(vi) \\y- Sm„y\\ < 72^”lbll for all y E Fn] and 

(vii) dim(i7„) = dim(F„) = n. 

First, set tuq = 0, Eq = {0}, and Fq = {0}, and suppose that we have constructed 
Ei, Fi, and rui, for alH < n and some n G Z+. Let G and G' be the subspaces of 
£p and cq, respectively, consisting of all the vectors whose first rUn-i coordinates are 
zero. Put k := 2mn-i + n. Due to Proposition 5.3, we now have 


mn-i + n= {2mn-i + n) - rUn-i = dim(Ffc) - dim(co/G') 

< dim(Ffc n G') = dim(i?|^;(Ffc n G")). 

Again due to Proposition 5.3, we get 

n = (rrin-i + n) - nin-i < dim(i?|e^(Ffc n G')) - dim(4/G) 

<dim{R\f.l{FknG')nG) 
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Let En be an n-dimensional subspace of R\^^{Fkr]G')nG, and set Fn = REn- Then 

(i), (ii), (iv), and (vii) are all satisfied for this n. Notice that En C Ek, so that (v) 
is also satisfied. By Proposition 5.1, we can hnd N ^ IR such that \\y — Sky\\ < 
72“"'|||/|| for all y & Fn and k > N. If we pick rrin = niax{niaxsupp(i?n), iV}, this 
satishes (iii) and (vi), and the construction is complete. 

For convenience, let us relabel En = En and Fn = Fn for all n G TR. Recall that 
for each k G Z’*' there exists Uk G Z"*" such that every n^-dimensional subspace of 
ip contains an /c-dimensional subspace which is 2-isomorphic to £2 (cf., e.g., [AK06, 
Theorem 12.3.3]). Thus, by passing to subspaces of a suitable subsequence, we can 
assume that each En is 2-isomorphic to i"^- Then pass to a matching subsequence of 
(rrin), and relabel each Fn = REn, so that properties (i)-(vii) above are preserved. 
In addition to these properties, for each n G TR, there now exists an isomorphism 
Un ■ £2 ^ En such that \\Un\\ < 2 and ||f/T^II — 2- 

We claim that any normalized sequence {yn)'^=i C cq such that yn G Fn for each 
n G 7R is basic and 2-equivalent to the canonical basis {fn)’^=i of cq; in particular 
this means the F^’s are all linearly independent. Indeed, due to property (ii) above, 
the sequence {Sni„yn)T=i is a block sequence of {fn)T=i- Also, by dehnition of the 
Co-norm together with property (vi), we have 

1 = \\yn\\ = max{||S'™„l/„|l, < max{||S',„„l/,^|l,72"”}. 

Since 72"” < 1 and \\Sm„yn\\ < WVnW = 1, this means ||S'm„|/n|| = L Thus, 
{Sm„yn)'^=i is a normalized block basis of {fn)'^=i, so that it is 1-equivalent to (/„) 
(cf., e.g., [AK06, Lemma 2.1.1]). On the other hand, notice that 


n=l 


WVn Sm^yn 

II ‘S'mnl/nl 


< 2 ^ 2"> = 27 < 1 

n=l 


so that by the Principle of Small Perturbations (cf., e.g., [AK06, Theorem 1.3.9]), 
{yn)n=i is (l+7 )/(l- 7)-equivalent to {S„,„yn)n=i and hence, due to (l-h7)/(l-7) < 
2, it is 2-equivalent to (/n)^i- 

For each n G define Rn ■ En ^ Fn by the rule RnX = Rx for all x E En- 
Then each is an invertible operator satisfying ||i?n|| < ||i?|| and ||R^^|| < 1/e. 
For each n G Z+, let us also dehne an operator 

Jn = enU-^R-^ : Fn ^ 4 "- 

Notice that this means || J„|| < 4/e for all n G TG. Let us also, for each n G Z+, 
denote by 



the canonical norm-1 embedding. Due to the linear independence of the Fn’s, we 
can now dehne a linear map 

OO / OD 

J : span (J Fn | 0 

n=l \n=l 

by the rule Jy = QnJnV for all y & Fn and n G Z+. Let us show that J is bounded. 

For any nonzero y G spanlJ^^F„, we can write y = Ylk=iyk for some j G Z+, 
where (Fij,)'^.^^ is a subsequence and yk G F^ \{0} for each k = 1, ■ ■ ■ , j■ Since every 
normalized basic sequence formed by single elements in each Fn is 2-equivalent to 
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(/n)“=i, this gives us 

t 4 

WJyW = WJ y]l/fc|| = sup WQi^Ji^VkW < - sup \\yk 

i<fc<i e i<k<j 





fc=i 



Thus, J extends to 


J : Co ^ 



CO 


8 

e 


\\y\ 


via the separable injectivity of = Cq (cf., e.g., [Di84, VII, p72]). 

Next, dehne an operator 


Vn=l / 

by the rule 

CXD OD 

U Xn ^ ^ UfiXfi- 

n=l n=l 

Actually, it is not yet clear that it is possible to dehne U, except of hnitely-supported 
0£p-sums. Let us show that when restricted to hnite support, U is bounded, and 
hence well-dehned on the whole space via continuous extension. Since the EnS are 
disjointly supported in f'p, and ||Vn|| < 2 for all n G we have 

OO OO / OO \ / OO \ ^/p oo 

\\U^Xn\\ = \\J2UnXn\\= < 2 ] =2|l0a:n|l. 

n=l n=l \n=l / \n=l / n=l 

It follows, as claimed, that U is bounded on hnite ©^^^-sums, and hence is a well- 
dehned bounded operator on the whole space. 

Observe that we now have 0 / 2 ,p,o = JRU, which completes the proof. ■ 


Let us now show how to deduce the new diagrams above for C{£p, cq) and C{£i, iq), 
1 < p < 2 < q < 00 . We don’t need to prove the hrst two arrows in each diagram, 
since they are already known. Each third and fourth arrows follow from Theorem 3.8 
together with the fact that the operators are all O-factorable. The rest of the 
diagram for C{ii, iq) follows from Corollary 4.3. Now let T be a {p, 0)-left Pelczyhski 
operator, which we have already observed is not ESS. Thus, by Theorem 5.4 
together with the fact that T is f' 2 -factorable, [Gt]{^p,Co) is an immediate successor 
to ESS n [Ge 2 \{^pEo)j and + Gt]{^p,Co) is the only immediate successor to 

ESS {ip, Co). Theorem 4.2 together with the fact that T is f' 2 -factorable but not 
ESS shows us that ESS{ip,Co) and [QT\{ipEQ) are incomparable, i.e. neither one 
is a subset of the other. It is also clear from these facts that ESS fl [Qi 2 ]{^p) ^o) is a 
proper subset of ESS {ip, cq) and [QT\{ipi co) is a proper subset of [ESS + QT\{ipi co)- 
Thus, the new diagrams are proved. 
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